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5+121>

?), 0,$*.<(#(3 B1)),0(#E11 A-.A5()A %!-321>

 !"#$% &''(!$#)*+&,

I0!-!B123, - B1)),0(#E11 1)).,B!-#%1A 7#$10*5()A %# "!271%#(!0%3:

1 /,!2,(01',)"1: 2,(!B#: (,!011 /0*44>

 !



 !"#$%&'(#") % $'*!'$%&'(#") +',,*($-

 !"#$! %#&'$ $(#)($'*(&+', -!)!+$(). /( )(0123$!$4 5#61$ "4$3 7)'5(8

%(%4 9 )!02'*%4- )!0:(2!- $(#)'' 6)177.  !09'$4( 9 :'&&()$!;'' 9#7)#&4

9!<%4 :2= :!23%(,>'- '&&2(:#9!%', !26#)'$5'*(&+'- 7)#"2(5 9 6)177!-.

?%#6'( :#+!0!%%4( 9 :'&&()$!;'' $(#)(54 5#61$ "4$3 9+2@*(%4 9 &7(;+1)8

&4 :2= &$1:(%$#9 ' !&7')!%$#9.

.//!*0"+%) !"0*$1

 (0123$!$4 )!"#$4 :#+2!:49!2'&3 %!A B8, C&(&#@0%#, +#%D()(%;'' 7#

5!$(5!$'*(&+#, 2#6'+( EF25!8F$!G HIIJ 6.KL &(5'%!)( 7#: )1+#9#:&$9#5

?. ?. M(&#-'%! EMNOG HIIH 6.KL &(5'%!)( 7# $(#)'' 6)177 7#: )1+#9#:&$9#5

F. M. P5(23+'%!G F. Q. R23>!%&+#6# E?NOG HIIS 6.KL TTT8, 5(<:1%!)#:%#,

+#%D()(%;'' UV#9)(5(%%4( 7)#"2(54 $(#)'' *'&(2 ' (( 7)'5(%(%'=UEWNXOG

HIIS 6.KL Y8#, 5(<:1%!)#:%#, +#%D()(%;'' UF26(")! ' $(#)'= *'&(2A &#9)(8

5(%%4( 7)#"2(54 ' 7)'2#<(%'=U EWNXOG ZJJ[ 6.KL #$+)4$#5 %!1*%#5 &(5'8

%!)( U\#23;! ' 5#:12'U 7#: )1+#9#:&$9#5 V. F. X'-$'23+#9! & 1*!&$'(5

F. C. ?'-!2(9!G C. ]. M!$4>(9!G C. ]. ^1"!)'+#9! EWNXOG ZJJ_ 6.KL 5(<8

:1%!)#:%#, !26(")!'*(&+#, +#%D()(%;''G 7#&9=`(%%#, HJJ 8 2($'@ &# :%=

)#<:(%'= F. N. \1)#>! E?NOG ZJJa 6.KL (<(6#:%#, 5(<:1%!)#:%#, %!1*%#,

+#%D()(%;'' UV#9)(5(%%4( 7)#"2(54 5!$(5!$'+'G 5(-!%'+' ' '%D#)5!$'8

+'U EW12NOG ZJJJG ZJJ_8ZJJa 6.6.KL W123&+#5 6#)#:&+#5 %!1*%#5 &(5'%!)( 7#

!26#)'$5'*(&+'5 7)#"2(5!5 $(#)'' 6)177 ' 7#216)177 7#: )1+#9#:&$9#5

C. ]. b(09()-%(6# EHIIJ8ZJJI 6.6.KL )!&>')(%%#5 0!&(:!%'' W123&+#6# 6#)#:8

&+#6# %!1*%#6# &(5'%!)! 7# !26#)'$5'*(&+'5 7)#"2(5!5 $(#)'' 6)177 '

7#216)177 7#: )1+#9#:&$9#5 C. ]. b(09()-%(6# & 1*!&$'(5 F. M. P5(23+'8

%! EZJJI 6.KL %!1*%#8'&&2(:#9!$(23&+#5 &(5'%!)( 7# !26(")( +!D(:)4 94&>(,

!26(")4 ?NO '5. ?. C. M#5#%#&#9! EZJJI 6.K.

 !"#$4 "42' 947#2%(%4 7# 6)!%$!5  ccd JJ8JH8JJeSeG J[8JH8JJHIaG Ja8

JH8JJeIJ ' ?'%'&$()&$9! #")!0#9!%'=  f JZ8H.H8ZJI.

  



 !"#$%&'$$

 !"#$%&'&( )*++!,&'-** ./#0$*1.2'3( 2 ,'0.&'4 567 8 59:7;

(")*+ ,&"-./

<*++!,&'-*= +.+&.*& *" 22!)!3*=> /=&* ?$'2> 2.+!@3')-'&* ,'")!$.2 *

+/*+1' $*&!,'&#,( *" 6AA 3'*@!3.2'3*B; <*++!,&'-*= +.)!,C*& 9DA +&,'8

3*- @'E*3./*+3.?. &!1+&';

0-1*,2&3$* ,&"-./

F. 22!)!3** *"$.C!3' /,!)(+&.,*= *++$!)#!@(4 2 )*++!,&'-** 2./,.+.2>

+.0,'3( 2'C3!BE*! G'1&(> 3!.04.)*@(! 2 )'$%3!BE!@ *"$.C!3**> )'3 .08

"., +.)!,C'3*= )*++!,&'-**;

H!,2'= ?$'2' /.+2=I!3' *"#J!3*K /,.0$!@( +./,=C!33.+&* +$.2 2 ?,#/8

/'4 L.1+&!,' 0.$%E.?. &*/';

F /!,2.@ ,'")!$! /!,2.B ?$'2( ,'++@'&,*2'K&+= )*'?,'@@( 3') ?,#/8

/.B L.1+&!,' 0.$%E.?. &*/' G> "')'33.B +*+&!@.B .0,'"#KI*4 ai> i ∈ J >

|J | < ∞> * +*+&!@.B ./,!)!$=KI*4 +..&3.E!3*B a2
i = 1 )$= 2+!4 i ∈ J >

(aiaj)
mij = 1> i 6= j> i, j ∈ J > mij M N$!@!3& @'&,*-( L.1+&!,' (mij)> i, j ∈ J >

+..&2!&+&2#KI!B )'33.B ?,#//!> /,*J!@ mij > 3 )$= i 6= j;

H#+&% F =
n∏

i=1

∗(Fi =< ai; a
2
i >) M +2.0.)3.! /,.*"2!)!3*! -*1$*J!+1*4

?,#// /.,=)1' 9> R =
⋃

i,j∈J

Rij M +*@@!&,*".2'33.! /.)@3.C!+&2. +2.0.)3.?.

/,.*"2!)!3*= F > Rij M @3.C!+&2. 2+!4 3!&,*2*'$%3(4 +$.2> -*1$*J!+1*

/,*2!)!33(4 2 +2.0.)3.@ /,.*"2)!3** Fij = Fi ∗ Fj * ,'23(4 6 2 )2#/.,.C8

)!33.B ?,#//! L.1+&!,' 0.$%E.?. &*/' Gij;

H#+&% w M 3!&,*2*'$%3.! -*1$*J!+1* /,*2!)!33.! 2 F +$.2.> ,'23.!

!)*3*-! 2 ?,#//! L.1+&!,' 0.$%E.?. &*/' G> &. !+&% w ∈< R >F
> ?)!

< R >F
M 3.,@'$%3.! "'@(1'3*! +*@@!&,*".2'33.?. @3.C!+&2' R 2 +2.8

0.)3.@ /,.*"2!)!3** F ; O.?)' +#I!+&2#!& +2="3'= .)3.+2="3'= )*'?,'@@'

M ?,#//( L.1+&!,' + ?,'3*J3.B @!&1.B w> .0$'+&=@* 1.&.,.B =2$=K&+=

Rij8)*'?,'@@(;

 !



 !"#$%&'$( R)"*+&%+((,M -.$",/0$(, 1%$!2%+3!#+'*/4 5-.* "#$ !2.+)

-6* D1, D2 7#.7/6-7 !"'!#%$($''! Rij)"*+&%+((+(*8 1$%$-$9+/6-7 1! %$2%,8

6!8 -6*%+7 :6! %$2%!8 !2;$"*'*( D18 D2 # !"', !2.+-6< D4  %* :6!( #!3)

(!='!8 >6! ($69+ &%+'*?@ 1!.,>$'!A !2.+-6* %+#'+ $"*'*?$ # -#!2!"'!(

1%!*3#$"$'** F 4 B!&"+8 ,"+.*# :6, !2.+-6<8 -9.$*#+$( $C &%+'*?,4 B+9*( !2)

%+3!(8 >$%$3 9!'$>'!$ >*-.! D+&!# (@ 1!.,>*( 1%*#$"$'',/ # F -#73',/

!"'!-#73',/ R)"*+&%+((, M 8 *'#+%*+'6',/ !6'!-*6$.<'!&! %+--(!6%$''!)

&! 1%$!2%+3!#+'*7 - &%+'*>'!A ($69!A8 %+#'!A w8 1%*>$( $-.* "#$ !2.+-6*

D′
8 D′′

*3M 1$%$-$9+/6-7 1! %$2%,8 6! ".*'+ ($69* :6!&! %$2%+ %+#'+ $"*'*)

?$8 * 1!.,>+$(8 >6! 9+="+7 1%*#$"$''+7 -#73'+7 !"'!-#73'+7 R)"*+&%+((+

M &%,11@ E!9-6$%+ 2!.<D!&! 6*1+ ,"!#.$6#!%7$6 ,-.!#*/ C(6)4

F2!3'+>*( >$%$3 ∂M &%+'*>'@A ?*9. M 4 F2.+-6< D ⊂ M '+3!#$( &%+)

'*>'!A8 $-.* ∂M
⋂

∂D 6= ∅4 G*(#!.!( i(D) 2,"$( !2!3'+>+6< >*-.! #',6)

%$''*H %$2$% # &%+'*>'!( ?*9.$ D8 -*(#!.!( d(D) I >*-.! #-$H %$2$% #

&%+'*>'!( ?*9.$ D4 J,"$( &!#!%*6<8 >6! ∂D
⋂

∂M $-6< 1!-.$"!#+6$.<)

'+7 >+-6< M 8 $-.* ∂D
⋂

∂M I !2;$"*'$'*$ 1!-.$"!#+6$.<'!-6* l1, l2, . . . , ln

3+(9',6@H %$2$%8 &"$ l1, . . . , ln #-6%$>+/6-7 # "+''!( 1!%7"9$ # '$9!6!%!(

&%+'*>'!( ?*9.$ ".7 D * # '$9!6!%!( &%+'*>'!( ?*9.$ ".7 M 4

K%+'*>',/ !2.+-6<D R)"*+&%+((@M '+3!#$( 1%!-6!A8 $-.* ∂D
⋂

∂M

$-6< 1!-.$"!#+6$.<'+7 >+-6< M 4

 %!-6+7 !2.+-6< D "*+&%+((@ M '+3@#+$6-7 "$'!#-9!A8 $-.* i(D) < 34

 ,-6<M I 1%*#$"$''+7 -#73'+78 !"'!-#73'+7 R)"*+&%+((+ &%,11@ E!9-)

6$%+ 2!.<D!&! 6*1+4 B!&"+ 1!-.$"!#+6$.<'!-6< !2.+-6$A D1, D2, . . . , Dn8

n > 28 !2%+3,$6 1!.!-, ! # M 8 $-.*L

MN ∀i8 1 6 i 6 n8 ∂Di

⋂
∂M I 1!-.$"!#+6$.<'+7 >+-6< M O

PN ∀i8 1 6 i < n8 &%+'*?@ !2.+-6$A Di * Di+1 1$%$-$9+/6-7 1! %$2%,O

QN i(D1) = i(Dn) = 3 * ∀j8 1 < j < n8 i(Dj) = 44

F2.+-6< D - &%+'*>'@( ?*9.!( ∂D = eγe−1δ8 %+-1!.!=$''+7 1! !2$ -6!)

%!'@ !6'!-*6$.<'! %$2%+ e8 # 9!6!%!A -9.$$''@$ %$2%+ e * e−1
1$%$-$9+/6

&%+'*>'@A ?*9. D8 '+3@#+$6-7 (s − i))!2.+-6</4

 !

"#$%#&'()* +, -, . (/&012)$13/&1' 42#0#(3/% % C(p)&T (q)567899:; << =26/&)30)>#?@)# 9&/A2#0B

3#/&)) 6&C99 ) 9/2C6&C99, D#E%C$/%?@)* ?A/&()@ (1C>(B' 3&CF/%, G HC21I J!! , G K,  5LM,

 !



 !""# $%  !"#$M % &'()*+*,,-. ")./,-. +(-0'-11- M 0'!&&2 345"6

#*'- 748$9404 #(&-: "4+*';-<-. (s− i)6478-"#(: #40+- ϕ(γ) ( ϕ(δ) "4+*'6

;-# 4+,! 7!5)!=

 !"#$%&$ !$%'()*'+ ',#")-& !&"./"001M 2 -' $)-3 4!"#$%&$ $$ ./"%&5%'.'

64-&2 %"71("$-)8 !$%'()*&0 )'*/"9$%&$0 !&"./"001M &#&R:)'*/"9$%&$0;

<4)-3 Π = 6'#')" !&"./"001 M 2 ∂M = γ
⋃

(∂Π
⋂

∂M)2 " γ1 = ∂Π \

(∂Π
⋂

∂M); >"0$%4 !&"./"001 M %" !&"./"004 M12 6'#45$%%4? &7 M 4!":

#$%&$0 6'#')1 Π2 ( /$74#3-"-$ 5$.' ./"%&5%1+ @&*# M 6/$',/"74$-)8 (

./"%&5%1+ @&*# ∂M1 = γγ12 %"7'($0 )6$@&"#3%10 R:)'*/"9$%&$0 &#& R:

)'*/"9$%&$0; A)#& M %$ )'!$/B&- 6'#')2 -' %"7'($0 M )6$@&"#3%' R :

6/&($!$%%'+ &#& R:6/&($!$%%'+;

C#'(' w ∈ G2G= ./466" D'*)-$/" ,'#3E'.' -&6"2 %"7'($0R:6/&('!&0102

$)#& w 6/&($!$%' ( F & )'!$/B&- 6'!)#'(' s2 8(#8?9$$)8 6'!)#'('0 %$*':

-'/'.' )''-%'E$%&8 r ∈ R2 r = sb2 .!$ |b| 6 2; F"7'($0 w @&*#&5$)*& R:

6/&($!$%%102 $)#& ()$ $.' @&*#&5$)*&$ 6$/$)-"%'(*& 8(#8?-)8 R : 6/&($:

!$%%10& )#'("0&; R:6/&($!$%%'$ )#'(' w ./4661 D'*)-$/" ,'#3E'.' -&6"

G %"7'($0 )6$@&"#3%' R:6/&('!&010 &#& R:6/&('!&0102 $)#& ( %$0 0'B%'

(1!$#&-3 6'!)#'(' s1s2 · · · sn2 .!$ *"B!'$ st )'!$/B&-)8 ( %$*'-'/'+ ./466$

Gij & 8(#8$-)8 6'!)#'('0 )''-%'E$%&8 s−1
t d−1

t btdt+1 ∈ R2 6/&5$0 6/& t = 1

& t = n |d1| = |b1| = |d2| = |dn| = |bn| = |dn+1| = 1 & !#8 t2 1 < t < n2

|dt| = |dt+1| = 12 |bt| = 2;

 !""# &% >!<*"#)!*# -804'(#1: &4/)48.?<(@ +8. 8?7404 A(58(B*"5(

&'()*+*,,404 "84)- w 0'!&&2 345"#*'- 748$9404 #(&- )2.",(#$: .)8.*#".

8( w R6&'()*+*,,21=

 !""# '(% >!<*"#)!*# -804'(#1: &4/)48.?<(@ +8. 8?7404 A(58(B*6

"5( R6&'()*+*,,404 "84)- w (/ 0'!&&2 345"#*'- 748$9404 #(&- )2.",(#$:

.)8.*#". 8( w "&*A(-8$,4 R6&'()*+*,,21=

G%"#'.&5%' /"))0"-/&("?-)8 *'#3@$(1$ !&"./"001 %"! ./466"0& D'*):

-$/" ,'#3E'.' -&6";

H"#$$ ( !"%%'0 /"7!$#$ &745"?-)8 *'#3@$(1$ !&"./"001 %"! ./466"0&

D'*)-$/" ,'#3E'.' -&6"2 %$ )'!$/B"9&$ (s − i):',#")-$+ &2 )#$!'("-$#3%'2

4!'(#$-('/8?9&$ 4)#'(&? C(6);

 !



 !"#$%&'( )&*+,'( -./&%0%,,'( !0,!)"!1,'( R20/34.355' M ) 4.3,/62

,75/ $/8"35/ σ9 τ 4.'--7  !8):%.3 ;!"#<!4! :/-39 5%:8/ 8!:!.!1 ϕ(σ)9

ϕ(τ) -./&%0%,7 & F 9 ϕ(σ) = R2-./&%0%,! / )-%$/3"#,! R2-./&%0%,!9 ,3+!2

&%5 !)!;! )-%$/3"#,!1 R20/34.355!19 %)"/ & M )'>%):&'%: !0,3 !;"3):# D

:383*9 6:! |ϕ(∂D \ (∂D
⋂

σ))| = 39 3 0"* !):3"#,7? !;"3):%1 D′ |ϕ(∂D′ \

(∂D′
⋂

σ))| = 4@ A"!&! ϕ(τ) *&"*%:)* $/8"/6%)8/ R2-./&%0%,,75 / $/8"/2

6%)8/ )-%$/3"#,! R2-./&%0%,,75@ B35%,' )"!&3 ϕ(σ) )"!&!5 ϕ(τ) ,3+!&%5

)-%$/3"#,75 8!"#$%&75 R2)!8.3>%,/%5@

 !""# $%&  !"#$%&!#% '()*+,%-. /*0&*(12",3 4(1 (25*)* 6,7(,8#$7,

R9/+,&#4#::*)*. 6,7(,8#$7, $/#6,'(;:* R9/+,&#4#::*)* $(*&' w ,0 )+!//<

=*7$%#+' 5*(;>*)* %,/' !$%':*&,%;. /+,-#:,-* (, 7 :#-! $/#6,'(;:*#

7*(;6#&*# R9$*7+'"#:,#?

C'0%5 4!&!./:#9 6:! $/8"/6%)8/ ,%)!8.3:/5!% )"!&! w 4.'--7  !8):%.3

;!"#<!4! :/-3 !;"303%: )&!1):&!5 s9 %)"/ w $/8"/6%)8/ R2,%)!8.3:/5!9

$/8"/6%)8/ )-%$/3"#,! R2,%)!8.3:/5! / 8 ,%5' ,%-./5%,/5! )-%$/3"#,!%

8!"#$%&!% R2)!8.3>%,/%@

 !"#$%&'( )&*+,'( -./&%0%,,'( R20/34.355'M ) 4.3,/6,75/ $/8"35/

σ, τ ,3+!&%5 -.!):!19 %)"/ |M | > 1 / σ
⋂

τ 6= ∅D M ,3+!&%5 &7.!E0%,,!19

%)"/ |M | = 09 40% |M | = 6/)"! !;"3):%1 0/34.3557 M @

 !"#$%&3* )&*+,3* -./&%0%,,3* R20/34.3553 M ) 4.3,/6,75/ $/8"35/

σ, τ ,3+7&3%:)* n2)"!1,!19 n > 19 %)"/ -!)"% -!)"%0!&3:%"#,!4! '03"%,/*

4.3,/6,7? )"!%& -!"'6/5 &7.!E0%,,'( 8!"#$%&'( R20/34.355' / ,3+7&32

%:)* C − n2)"!1,!19 %)"/ & .%+'"#:3:% '03"%,/* '83+3,,7? &7<% 4.3,/6,7?

)"!%& -!"'6/5 -.!):'( 8!"#$%&'( R20/34.355'@

F3"%% .3))53:./&3(:)* 8!"#$%&7% )&*+,7% -./&%0%,,7% R20/34.3557M

)!-.*E%,,!):/ )"!& 4.'--  !8):%.3 ;!"#<!4! :/-3 ) 4.3,/6,75/ $/8"35/

σ9 τ 9 ' 8!:!.7? ,% 83E03* 4.3,/6,3* !;"3):# *&"*%:)* -.!):!1@ G./ H:!5

8!"#$%&3* R20/34.3553 M 5!E%: ;7:# !0,!4! /+ )"%0'(>/? &/0!&I

10
@ σ

⋂
τ = ∅9 83E03* !;"3):# D ∈ M 4.3,/6,3*9 ∂D

⋂
∂M = ,%)&*+,!%

5,!E%):&!9 i(D) = 2@

20
@ σ

⋂
τ 6= ∅@

30
@ σ

⋂
τ = ∅9 )'>%):&'%: !;"3):# D9 i(D) > 29 ∂D

⋂
∂M = ,%)&*+,!%

 !



 !"#$%&'"(

)"*+,-'+$&%./ 0&" %1$23456$ 78$"98+,"'+!6. 3*"8+06'+4& 216!3 :6*16;

0$%*"<" %1"'+ w=

π1) :6*160$%*"$ %"*8+5$!6$ w ' %'"9"2!" 78"6,'$2$!66 F >

π2) :6*160$%*"$ R;%"*8+5$!6$ ' G>

π3) :6*160$%*"$ %7$:6+1?!"$ R;%"*8+5$!6$ ' G>

π4) *"1?:$'"$ %7$:6+1?!"$ R;%"*8+5$!6$ ' G>

π5) 7$8$@"2 "& w * %"78.#$!!" 3 %1"'3 u/ |u| < |w|/ % 7" "5?4 *"1?:$'"A

26+<8+  - '62+ 10
>

π6) &" #$/ 0&" π5)/ !" % 7" "5?4 *"1?:$'"A 26+<8+  - '62+ 20
>

π7) &" #$/ 0&" π5)/ !" % 7" "5?4 *"1?:$'"A 26+<8+  - '62+ 30
(

B1"'" w/ 7"130$!!"$ 6, v 786 $!$!6$ * !$ 3 78$"98+,"'+!6A π1)−π7) '

G/ !+,"'$ &376*"'- 21. v/ $%16 "!" 6!'+86+!&!" "&!"%6&$1?!" C&6@ 78$;

"98+,"'+!6A(

D"*+,-'+$&%./ 0&" 21. 149"<" %1"'+ v ∈ G  "#!" CEE$*&6'!" 7"%&8"6&?

%""&'$&%&'345$$ $ 3 &376*"'"$ %1"'" w(

 !""# $%&  !"#$ v ∈ G% G & '(!))* +,-"#.(* /,0$1,', #2)*% v

,/0*3*.# "4,5"#4,6 s 2 w & #!)2-,4,. 307 v "0,4,8 9,'3* :2-*-,. "0,4,

u ∈ G% |u| < |w|% :. ",)(7;.:, " v8

F"1?:$'34 %'.,!34 786'$2$!!34 R;26+<8+  3 M %"78.#$!!"%&6 %1"'

ϕ(σ)/ ϕ(τ) ∈ G/ <2$ σ/ τ G %""&'$&%&'$!!" '!$H!6A 6 '!3&8$!!6A <8+!60!-A

:6*1-M / !+,"'$  6!6 +1?!"A/ $%16 !$ %35$%&'3$& *"1?:$'"AR;26+<8+  -

M0 % &$ 6 #$ <8+!60!- 6  $&*+ 6 ϕ(σ)/ ϕ(τ)/ 6 $45$A  $!?H$$ 06%1" "9;

1+%&$A(

 !""# $'&  !"#$M & -,0$<.4*7 "47=:*7 )(24.3.::*7 62:26*0$:*7 R>

32*'(*66* '(!))? G +,-"#.(* /,0$1,', #2)* " '(*:2@:?62 <2-0*62 σ% τ 8

 !"#$ ϕ(σ)% ϕ(τ) 7407A#"7 #!)2-,4?628 B"02 M & n>"0,5:*7 02/, C −n>

"0,5:*7 32*'(*66* " n > 1% #, 307 0A/,5 ,/0*"#2 D ⊂ M 4?),0:7.#"7

d(D) = 68

I&"8"A 8+,2$1 7$8'"A <1+'- 7"%'.5$! 8$H$!64 78"91$ - '@"#2$!6. '

7+8+9"160$%*34 7"2<83773 ' <8377+@ F"*%&$8+ 9"1?H"<" &67+(

)3%&? G G <8377+ F"*%&$8+ 9"1?H"<" &67+ %  !"#$%&'" "98+,3456@

 !



A !"#$%$&'$()' ()*#+,$- .!/0*$#) MA1 2!3%) "!%3#4"") Gj "!#!5%$66)'

(6!5$0*7!( Aj ⊂ A $0*8 3#4"") .!/0*$#) 9!&8:!3! *+") !"#$%$&'$()'

()*#+,$- .!/0*$#) Mj "!&4;$66!- +< MA 4%)&$6+$( 0*#!/ + 0*!&9,!7 +($=

6!7)66>? !9#)<4@A+(+ +< A \Aj1 B)66)' "!%3#4"") Gj '7&'$*0' ")#)9!&+=

;$0/!-1

 !""# $%&  !"#$ M % &'($)*+,- "+-./,- 012+*3*//,- 42/24,($/,-

R532,61,44, +23, C(6) 7 61,/28/942 )2&(,42 σ, τ 61!009 :'&"#*1, ;'($5

<'6' #20, G=  !"#$ ϕ(σ)> ϕ(τ) ';(,3,?# "+'@"#+'4 s> ϕ(σ) % "('+' 2.

0,1,;'(28*"&'@ 0'361!009 Gj /, ';1,.!?A2B Aj> Aj ⊂ A> A % 4/'C*"#+'

';1,.!?A2B G> ϕ(σ) /* -+(-*#"- ';1,.!?A24 2. Aj= D'63, ϕ(τ) ∈ Gj 2

"('+, ϕ(σ) 2 ϕ(τ) "'01-C*/9 + Gj=

'(!)*+,-! .&  !"#$ u> v ∈ G > G % 61!00, :'&"#*1, ;'($<'6' #20,> A

% 4/'C*"#+' ';1,.!?A2B G> u> v ';(,3,?# "+'@"#+'4 s 2 "!A*"#+!*# z ∈

G #,&'*> 8#' z−1uz = v= D'63,> *"(2 "('+' u *"#$ "('+' 2. 0,1,;'(28*"&'@

0'361!009 Gj /, ';1,.!?A2B Aj> Aj ⊂ A> 2 /* -+(-*#"- ';1,.!?A24 2. Aj>

#' v ∈ Gj 2 "!A*"#+!*# z′ ∈ Gj> z′ = z + G> #,&'*> 8#' z′−1uz′ = v=

'(!)*+,-! $&  !"#$ G % 61!00, :'&"#*1, ;'($<'6' #20, /, ';1,5

.!?A2B A> Gj % 0,1,;'(28*"&,- 0'361!00, G /, 4/'C*"#+* ';1,.!?A2B

Aj ⊂ A> "('+' u ';(,3,*# "+'@"#+'4 s> u ∈ Gj 2 /* -+(-*#"- ';1,.!?A24

2. Aj> #'63, NG(u) = NGj
(u)=

 !""# $/&  !"#$ M % &'($)*+,- "+-./,- 012+*3*//,- 42/24,($/,-

R532,61,44, 61!009 :'&"#*1, ;'($<'6' #20, G " 61,/28/942 )2&(,42 σ>

τ E ϕ(σ)> ϕ(τ) !3'+(*#+'1-?# !"('+2? s= D'63, *"(2 M "'3*1C2# (s − i)5

';(,"#$> #' +"* ';(,"#2 M -+(-?#"- (s − i)5';(,"#-42=

 !""# $0&  !"#$ G % 61!00, :'&"#*1, ;'($<'6' #20, " 4/'C*"#+'4

';1,.!?A2B A= F"(2 v0 ∈ G> v0 6= 1 + G 2 v0 % R5012+*3*//'*> "0*)2,($/'

R5012+*3*//'* "('+'> 1,+/'* "('+! 2. 0,1,;'(28*"&'@ 0'361!009 Gj 7 ';1,5

.!?A242 Aj> Aj ⊂ A> #' v0 % "('+' /, ';1,.!?A2B Aj=

1!23!"# 4& G 61!00* :'&"#*1, ;'($<'6' #20, 1,.1*<24, 01';(*4, +B'C5

3*/2- + 0,1,;'(28*"&!? 0'361!00!=

C *#$*8$( #)<%$&$ "$#7!- 3&)7> #$:)$*0' "#!9&$() 0!"#'5$66!0*+ 0&!7

7 3#4"")? .!/0*$#) 9!&8:!3! *+")1 B!/)<>7)$*0'

 !



 !"#!$% &'  !"#$$% &'()*%"+ ,'-./'!' *0$+ "+1"%/02+ $"',-%2+ )'3

$"45%66')*0 )-'78

 !"#$% &'$($ )"*(%+,-$ ./01,-.2 3#0&.4 $'&"#.!5.1,*6.4 )#"7',5 (

&#0))$4 8"6*!,#$ 7"'9:"&" !.)$;

 ),#("5 #$/3,', ./01$,!*% )#"7',5$ "7"7+,--"< *")#%=,--"*!. *'"(;

 !"#!$% ('9%6*"+-01+*'" ('6%:6' $'"'5;%66'< $';!"#$$= H !"#$$=

&'()*%"+ ,'-./'!' *0$+ G %)*. ('6%:6' $'"'5;%66+4 $';!"#$$+ 0 )#>%3

)*7#%* +-!'"0*2? 7=$0)=7+@>0< ',"+1#@>0% A%6*"+-01+*'"+8

>"6$/?($,!*%@ 1!" A,-!#$'./$!"# B',5,-!$ ( &#0))$4 8"6*!,#$ 7"'9:"&"

!.)$ ( "7+,5 *'01$, -, %('%,!*% A.6'.1,*6"< )"3&#0))"<;

>"6$/?($,!*%@ 1!" ( "7+,5 *'01$, &#0))? 8"6*!,#$ 7"'9:"&" !.)$ -, %(C

'%2!*% &.),#7"'.1,*6.5. &#0))$5.; D$**5"!#.5 &#0))0 G =< a, b, c; aba =

bab, aca = cac, bcb = cbc, a2 = 1, b2 = 1, c2 = 1 >; E$--$% &#0))$ *"3,#=.!

*("7"3-02 $7,',(0 )"3&#0))0 < (abc)2, (bac)2; (abc)2(bac)2 = (bac)2(abc)2 >@ $

)"!"50 -, 5"=,! 7?!9 &.),#7"'.1,*6"<;

 !"#!$% )'  !"#$$% &'()*%"+ ,'-./'!' *0$+ "+1"%/02+ $"',-%2+ ',',3

>%66'< )'$"45%66')*0 )-'78

 !"#!$% *' B#)*. G C !"#$$+ &'()*%"+ ,'-./'!' *0$+ 0 {wi}i=1,m?

{vi}i=1,m C )-'7+ 01 D8 E)-0 F C (+('%3*' "%/%60% )0)*%2= &n
i=1(z

−1wiz

= vi)? *' 26'5%)*7' )-'7 CG(H) ·F ? !;% CG(H) C A%6*"+-01+*'" $';!"#$3

$= H? $'"'5;%66'< )-'7+20 {wi}i=1,m? 47-4%*)4 26'5%)*7'2 7)%F "%/%3

60< )0)*%2=8

 !"#!$% +' G#>%)*7#%* +-!'"0*2? $'17'-4@>0< ;-4 -@,'!' ('6%:6'!'

26'5%)*7+ )-'7 01 !"#$$= &'()*%"+ ,'-./'!' *0$+ G 7=$0)+*. ',"+1#3

@>0% 0F 6'"2+-01+*'"+8

 " (!"#"5 #$/3,', (!"#"< &'$(? ").*?($2!*% B',5,-!? 6"-,1-"&" )"#%3C

6$ ( &#0))$4 8"6*!,#$ 7"'9:"&" !.)$;

 !"#!$% ,-' G-'7' w !"#$$= &'()*%"+ ,'-./'!' *0$+ G 02%%* ('6%:3

6=< $'"4;'( *'!;+ 0 *'-.(' *'!;+? ('!;+ '6' )'$"45%6' H 6%('*'"=2 )-'3

7'2 w′ ∈ Gab =< a, b; (ab)mab = 1, a2 = b2 = 1 >8

 !#,!9,5 #$/3,', (!"#"< &'$(? 3"6$/?($,!*% $'&"#.!5.1,*6$% #$/#,:.C

5"*!9 )#"7',5? (4"=3,-.% ( A.6'.1,*602 )"3&#0))0 ( &#0))$4 8"6*!,#$

 !



 !"#$!%! &'()*

 !"#!$% &&'  !"#$ "%&'& w ∈ G ()**# +*",&-*.-/0 1&234&,5 6&748

%9+83 "#*1*-$ "%&'8: "&123;*--&7& w (%( w2
' 72!11* G: <(,%(.*",( R

( "1*<(8%$-& R=-*"&,28#()85

+,-&# . %/,((0 1!2-&0/)  !"#$!%! &'() G wn = v* 3!%4) (w2)n = v2
* 5)607

8'6 w2
8) -!(/9:088!0 - 8'6 ;'2"'<0-2' R780-!2/)&'6!0 ' -(0;')"#8! R7

80-!2/)&'6!0 -"!.! w0 . -!!&.0&-&.'' - &0!/06!= >>* +!",<'6 wn
0 = z−1v2z*

5)608'6 z−1v2z /).8?6 06, . %/,((0 G R780-!2/)&'6?6 ' -(0;')"#8! R7

80-!2/)&'6?6 -"!.!6 v0* 3!%4) -,@0-&.,0& (/'.04088)9 -.9A8)9 !48!-.9A8)9

R74')%/)66) M &)2)9B <&! ϕ(∂M) = ϕ(γ)ϕ(δ) = wn
0v−1

0 B %40 γ, δ %!60!6!/C7

8? !&/0A2,*

D.9A8)9 !48!-.9A8)9 4')%/)66) M 8)A?.)0&-9 4'-2!6B 0-"' 00 %/)8'<8?=

;'2" ∂M E (/!-&)9 A)628,&)9 2/'.)9*

F,406 -<'&)&#B <&! M E 4'-2B ∂M = γ ∪ δB ϕ(γ) = wn
0 ' ϕ(δ) = v0B

γ ∩ δ = {A,B} E 4.0 .0/$'8?*

 !"#!$% &('  !"#$ M > 12('*4*--83 4(8728))8: 3'%39?83"3 4(",&):

∂M = γ∪δ: 74* ϕ(γ) ( ϕ(δ) > R=-*"&,28#()/* ( "1*<(8%$-& R=-*"&,28#()/*

"%&'8: γ ∩ δ = {A,B}5 6&748 .("%& &+%8"#*0: 728-(.8?(@ " γ ( δ: &4(-8,&'&5

+,-&# M E -.9A8)9 !48!-.9A8)9 (/'.04088)9 4')%/)66)B ∂M = γ ∪ δB

(,-&# ϕ(γ) = wn
0 B ϕ(δ) = v0 ' r0 E -)6!0 4"'88!0 -"!.! 'A R* 3!%4) n <

4|v0||r0|*

F,406 %!.!/'&#B <&! . %/,((0 G /)A/0$'6) (/! "06) 2!/89B 0-"' -,@07

-&.,0& )"%!/'&6B (!A.!"9G@'= 4"9 "G !%! w ∈ G ,-&)8!.'&#B -,@0-&.,G&

"' n ∈ N ' x ∈ G &)2'0B <&! xn = w*

)*!+,-./! 0' A 72!11* B&,"#*28 +&%$C&7& #(18 G 28D2*C()8 12&+%*)8

,&2-35

H <0&.0/&!6 /)A40"0 .&!/!= %").? 'A,<)0&-9 (/! "06) -") != -&0(088!=

-!(/9:088!-&' -"!. . %/,(()I 1!2-&0/)  !"#$!%! &'()*

F,406 %!.!/'&#B <&! . %/,((0 G /)A/0$'6) (/! "06) -") != -&0(088!=

-!(/9:088!-&' -"!.B 0-"' -,@0-&.,0& )"%!/'&6B (!A.!"9G@'= 4"9 "G ?I

-"!. w, v ∈ G &)2'IB <&! w /∈< v >B ,-&)8!.'&#B -,@0-&.,0& "' ;0"!0 <'-"!

n &)2!0B <&! -"!.) wn, v -!(/9:08? . %/,((0 G*

 !



 !"#!$% &'(  !"#$$% &'()*%"+ ,'-./'!' *0$+ G "+1"%/02+ $"',-%2+

)-+,'3 )*%$%44'3 )'$"56%44')*0 )-'78

 !"#!$#% &'()# "(**+(!",)(-!*. /#01!1"2# 3"14'#+2 ) &"533(6 710*!#"(

80*!"(41'$91&1 !,3(:

;#")2% "(<=#' 31*).>#/ 3"14'#+# *!#3#//1% *13".?#//1*!, *'1):  /(@(A

'# 8!1&1 "(<=#'( ,<5@(-!*. =,(&"(++2 /(= &"533(+, 710*!#"( 80*!"(41'$A

91&1 !,3(B 01!1"2# *!"1.!*. !(0 ?#B 0(0 , =,(&"(++2 /(= &"533(+, 710*A

!#"( 41'$91&1 !,3(: 7(?=(. 3",)#=#//(. *).</(. 1=/1*).</(. RA=,(&"(++(

M &"5332 710*!#"( 80*!"(41'$91&1 !,3( 5=1)'#!)1".#! 5*'1),- C(8):

;"1*!(. 14'(*!$ D =,(&"(++2 M /(<2)(#!*. =#/1)*01%B #*', i(D) <

d(D)/2:

;5*!$M1 C 3",)#=#//(. *).</(.B 1=/1*).</(. 31==,(&"(++( R A =,(&"(+A

+2 M &"5332 710*!#"( 80*!"(41'$91&1 !,3( * &"(/,D#% ∂M1 = e1γe2δB &=#

e1 C "#4"1 AB, γ E 35!$ BC, e2 C "#4"1 CD, δ C 35!$ DA: F1&=( 31*'#=1)(A

!#'$/1*!$ 14'(*!#% D1, D2, . . . , Dn ,< M1 (e1 ∈ D1, e2 ∈ Dn), n > 2B 14"(<5#!

31'1*5 ) M B #*',G

HI ∀iB 1 6 i 6 nB ∂Di

⋂
γ, ∂Di

⋂
δ E 31*'#=1)(!#'$/(. @(*!$ M1J

KI ∀iB 1 6 i < nB &"(/,D2 14'(*!#% Di , Di+1 3#"#*#0(-!*. 31 "#4"5J

LI |∂D1 ∩ γ| = |∂D1 ∩ δ| + 2, |∂Dn ∩ γ| = |∂Dn ∩ δ| + 2 , |∂Dj ∩ γ| =

|∂Dj ∩ δ|, 2 6 j < n:

M'1)1 w ∈ GB G C &"533( 710*!#"( 80*!"(41'$91&1 !,3(B /(<1)#+ RA

3",)1=,+2+B #*', w 3",)#=#/1 ) F , *1=#"?,! 31=*'1)1 sB .)'.->##*. 31=A

*'1)1+ /#01!1"1&1 *11!/19#/,. r ∈ RB r = sbB &=# |b| < |s|: RA3",)#=#//1#

*'1)1 w &"5332 710*!#"( 80*!"(41'$91&1 !,3( G /(<1)#+ *3#D,('$/1 RA

3",)1=,+2+ ,',RA3",)1=,+2+B #*', ) /#+ +1?/1 )2=#',!$ 31=*'1)1 s1s2 · · ·

snB &=# 0(?=1# st *1=#"?,!*. ) /#01!1"1% &"533# Gij , .)'.#!*. 31=*'1)1+

*11!/19#/,. s−1
t d−1

t btdt+1 ∈ RB 3",@#+ 3", t = 1 , t = n |dt| = |dt+1| = 1B

|st| = |bt| + 2 , ='. tB 1 < t < nB |dt| = |dt+1| = 1B |bt| = |st|:

)!$$% *+( 9#)*. M : $"07%;%44+5 )7514+5 ';4')7514+5 R < ;0+!"+22+

4+; !"#$$'3 &'()*%"+ =()*"+,'-./'!' *0$+> σ : !"+40?4@3 A0(- M B )-'7'

ϕ(σ) A0(-0?%)(0 R 0 R<4%)'("+*02'8 C'!;+ M 57-5%*)5 ';4')-'34'38

)!$$% *'( 9#)*. M : $"07%;%44+5 )7514+5 ('-.A%7+5 ;0+!"+22+ )'<

 !



 !"#$%%&'() '*&+ ϕ(σ), ϕ(τ) ∈ G %-. /!0  &1 2&3'($!- 43'(!-5&*67&/&

() -, %$ '&.$!#-8-" (s − i)9&5*-'($1: σ, τ ; '&&(+$('(+$%%& +%$7%)1

) +%0(!$%%)1 /!-%)<%=1 >)3*= M , '*&+- ϕ(σ), ϕ(τ) >)3*)<$'3) R ) R9

%$'&3!-()?=@ A&/.- M "+*"$('" &.%&'*&1%&1@

 !"#$ %&'&()*+, -*& ' %(!..# G (/0(#1)$/ .(&23#$/ 4*#.#55&6 4&.(78

9#55&4*) 43&', #43) 4!:#4*'!#* /3%&()*$, .&0'&37;:)6 "37 3;2<= 43&'

w, v ∈ G !4*/5&')*+, 4!:#4*'!;* 3) 5#5!3#'<# >#3<# -)43/ n,m */?)#, -*&

43&'/ wn, vm
4&.(79#5< ' %(!..# G@

 !"#!$% &'( B /!0  $ 2&3'($!- 43'(!-5&*67&/& () - !-C!$7)?-  !&9

5*$?- '($ $%%&1 '& !"#$%%&'() '*&+@

 !"#$ %&'&()*+, -*& ' %(!..# G (/0(#1)$/ .(&23#$/ .#(#4#-#5)7 >)?3)8

-#4?)= .&"%(!.., #43) 4!:#4*'!#* /3%&()*$, .&0'&37;:)6 "37 3;2<= 43&'

w, v ∈ G !4*/5&')*+, .!4*& )3) 5#* .#(#4#-#5)# >)?3)-#4?)= .&"%(!.., .&8

(&9"#55<= ' G "/55<$) 43&'/$)@

 !"#!$% &)( B /!0  $ 2&3'($!- 43'(!-5&*67&/& () - !-C!$7)?-  !&9

5*$?-  $!$'$<$%)" >)3*)<$'3)D  &./!0  @ E08$'(+0$( -*/&!)(?, += )'=9

+-F8)1 &5!-C0F8)$ .-%%&/&  $!$'$<$%)"@

A& '*&(&$ (/0"#3# "&?/0<'/#*47, -*& #43) E ) C B C3#$#5*< 2#4?&5#-5&%&

.&(7"?/ %(!..< D&?4*#(/ C?4*(/2&3+1&%& *)./ G, 5# 7'37;:)#47 4*#.#578

$) &"5&%& ) *&%& 9# 43&'/, *& 4!:#4*'!#* 5/*!(/3+5&# -)43& γ */?&#, "37

Eγ
) C 5# '<.&357#*47 5#*()')/3+5&# *&9"#4*'&@ D/? 43#"4*')# .&3!-/#$,

-*& ' %(!../= E(*)5/ C?4*(/2&3+1&%& *)./ 5# '<.&357#*47 5#*()')/3+5&#

*&9"#4*'&@

A *(#*+#$ (/0"#3# )0!-/;*47 .&"%(!..< ' %(!../= D&?4*#(/ C?4*(/2&3+8

1&%& *)./@

 !"#!$% *+( B'"3-" 3&%$<%&  &!&#.$%%-"  &./!0  - 5$C 3!0<$%)" /!0 9

 = 2&3'($!- G 43'(!-5&*67&/& () - "+*"$('" '+&5&.%&1@

F&?/0/5&, -*& $5&9#4*'& &2(/0!;:)= ?&5#-5& .&(&9"#55&6 .&"%(!..<

2#0 ?(!-#5)7 %(!..< D&?4*#(/ G C?4*(/2&3+1&%& *)./ $&95& '<2(/*+ */?,

-*& 3;2&6 C3#$#5* C*&6 .&"%(!..< &"5&05/-5& 0/.)4<'/#*47 ' C*)= &2(/0!8

;:)=@

G#*'#(*/7 %3/'/ .&4'7:#5/ )0!-#5); /3%&()*$)-#4?)= .(&23#$ ) &.)4/8

 !



 !"  #$%&'!(&)#$#* * +$,--&. /$&01 2. /#3 ! +$,--&. 4$)! & /# 15 #+#

)!-&6

7 -1$*#% $&(81'1 !(,5&1)39 -$#:'1%& #:#:;1  #< 3#-$9=1  #3)! 3'#* *

+$,--&. /$&01 2. /#36

>&33%#)$!% +#%#%#$?!(% +$,--2 Bn+1 * +$,--, -#83)& #*#/ Sn+1@ #)#:A

$&=&";!< σi * )$& 3-#(!B!" (i, i + 1)@ i = 1, n. C#3&@ $1&'!(,";&9 18! !5A

 ," -#83)& #*/,@  &(2*&1)39 /$&01 #<6 D#8+$,--& /$&01 2. /#3 +$,--2

Bn+1 #:#( &5&1)39 51$1( Rn+16

 !"#!$% &&'  !"#$ H % &'()*(' +','-.)((/0 +'.1,!++/ 1,!++2 Bn+13

4'1./ "!5)"#6!)# /71',8#9: "#,'058; +','-./<58) +'.1,!++2

H
⋂

Rn+13

()!*+,-.! /0' = 1,!++) &,/>)(2? &'" R3 ,/@,)>89/ +,'A7)9/ "'+,0B

-)(('"#8 +'.1,!++3

()!*+,-.! //'C)(#,/78@/#', &'()*('1' 9('-)"#6/ D7)9)(#'6 8@ Rn+1

&'()*(' +','-.)( 6 Rn+1. E!5)"#6!)# /71',8#9: "#,'058; 'A,/@!<58)

D#'1' F)(#,/78@/#',/3

()!*+,-.! /&' = Rn+1 ,/@,)>89/ +,'A7)9/ 'A'A5)(('; "'+,0-)(('"#8

"7'63 G'7)) #'1': )"78 F )"#$ ,)>)(8) "8"#)92 &n
i=1(x

−1aix) = bi 6 Rn+1: #'

9('-)"#6' 6")? ,)>)(8; D#'; "8"#)92 6 Rn+1 @/+8"26/)#"0 6 68.) D =

CRn+1
({ai}i=1,n)F  !"# CRn+1

({ai}i=1,n) $ %#&'()*+,)'-( {ai}i=1,n . !(/00#

1()2#&34 1-5 Rn+16

 !"#$%&'" ()* 7-(8)*+,)'-( 1-&#9&-!- 8&-:#;'.) <*#8#&'-. +, Rn+1

1-&#9&- 0-(-:"#& . Rn+16 =/>#;'./#' )*!-(+'8 ;'(-?>+@ -A(),/B>+#

<'-!- &-(8)*+,)'-()6

 ! "#!$!% $&'()*) +',-&)#./ 0$!1*)%& .!0$/2)33!.#+ 0!(4$,00 " 4$,00&5

6$&7)385 6!.9

+",,- ./* C/;'D . !(/00# Bn+1 .30-*&#&3 ().#&;'.)E

&ω∈Ω(Aω(σ1, . . . , σn−1) = X(σ1, . . . , σn)Bω(σ1, . . . , σn−1)X
−1(σ1, . . . , σn)).

F-!") ;/>#;'./#' ')1)? 1-;) K 9'-

&ω∈Ω(Aω(σ1, . . . , σn−1) = K(σ1, . . . , σn−1)Bω(σ1, . . . , σn−1)K
−1(σ1, . . . , σn−1)).

0"12",- 34* G;*+ ".# 0-"!(/003 H1 + H2 +, Bn ;-0(?:#&3 . Bp (p > n) 

'- -&+ ;-0(?:#&3 + . Bn6

  



 !"#$%&'" ()*  !"# $%&'()$$* H1 ⊂ Bn # H2 ⊂ Bn # !)+,!-.),- Z ∈

Rp (p > n) -/0%,1 2-% H1Z = ZH2 . Bp1 -%'&/ 3/4&,-!5 Z ′ ∈ Rn -/0%,1

2-% H1Z
′ = Z ′H2 . Bn6

+",-"./ 01* 7 Rn+1 (n > 4) 3,(/8(,9#:/ $(%;",:/ !%$(5<,33%!-# $%&=

'()$$6

 !"#!$#% "&'(#)# (&*+ +,-.&*-# *+"%&)-'&!+"+/ *#0+!+"12 0)&..+/ ,+(3

4"5,, / 4"5,,&2 0"&6#*12 0+.7

+",-"./ 23* >)!-? G = F1 × F2 @ $(5:%, $(%#8.,&,3#, &.)A !.%;%&3*A

'()$$ (/3'/ B6 >)!-? H @ 0%3,23% $%(%<&,33/5 $%&'()$$/ #8 G6 C%'&/

3%(:/"#8/-%( NG(H) 0%3,23% $%(%<&,36

8&..%+!"-% / R5 ,+(4"5,,5 Π9 ,+"+:(#**5; <)#%#*!&%- σ4
1, σ

4
2, σ

2
4, d9 4(#

d = σ4σ3σ2σ
2
1σ2σ3σ47 =+4(& Π =< σ4

1, σ
4
2 > × < σ2

4, d > > ,"?%+# ,"+-'/#(#*-#

(/52 ./+@+(*12 4"5,, "&*4& A7

+",-"./ 2(* NR5
(Π) =< ∆2, ∆′2, Π >1 '&, ∆ = σ1σ2σ3σ4σ1σ2σ3σ1σ2σ11

∆′ = σ2σ1σ26

B5.!$ H > 0+*#C*+ ,+"+:(#**&? ,+(4"5,,& -' Π =< σ4
1, σ

4
2 > × < σ2

4, d >

. +@"&'5;D-%- a1, a2, . . . , an9 -%#;D-%- /-(E ai = Li(σ
4
1, σ

4
2)Mi(σ

2
4, d), i =

1, n. B+(4"5,,& H19 ,+"+:(#**&? Li(σ
4
1, σ

4
2)9 i = 1, n9 #.!$ ,"+#0F-? H *&

Π1 =< σ4
1, σ

4
2 >9 & ,+(4"5,,& H29 ,+"+:(#**&? Mi(σ

2
4, d)9 i = 1, n9 > ,"+#0F-?

H *& Π2 =< σ2
4, d >7

+",-"./ 20*  !"# H1 # H2 3, 5."5D-!5 E#0"#2,!0#:#1 -% NR5
(H) ⊂

NR5
(Π)6

4"../ 52* NBm
(H)/CBm

(H) ≃ NBn
(H)/CBn

(H)6

+",-"./ 22* F%(:/"#8/-%( $%&'()$$* H ⊂ Bm . Bn (n > m) 5."5,-!5

(/!9#(,3#,: E,3-(/"#8/-%(/ $%&'()$$* H . Bn ! $%:%+?D G/0-%(='()$$*

NBm
(H)/CBm

(H)6

 C#!/#"!+% "&'(#)# -'5C&;!.? *+"%&)-'&!+"1 / 4"5,,&2 G"!-*& 0+*#C3

*+4+ !-,&7

B+)54"5,,& G"!-*& 0+*#C*+4+ !-,& G+
'&(&#!.? !#%- :# +@"&'5;D-%-9

C!+ - 4"5,,& G"!-*& 0+*#C*+4+ !-,& G7

+",-"./ 25* >)!-? G @ '()$$/ H(-#3/ 0%3,23%'% -#$/ # H @ 0%3,23%

$%(%<&,33/5 $%&$%")'()$$/ $%")'()$$* G+
6 C%'&/ 3%(:/"#8/-%( H . G

 !



 !"#$"! %!&!'(#") *+,#-./+#. 012!&3.45 -.&!6,37 !8&09+:,3# ;.!2!

"!&401390.!&0)

 !"#!$% &'( *+,#-./+#. 012!&3.45 %!9/!16:,37 +-.0"!/3.<5 -!%&6=

'#"> 13 (/#  !"#$"! %!&!'(#""># %!(%!1+2&+%%> G+ E 3 L / G+
313

"#.)

 !"#!$% )*( ?#&#-#$#"3# "!&401390.!&!/  !"#$"!2! $3-10  !"#$"! %!=

&!'(#"">@ %!(%!1+2&+%% %!1+2&+%%> G+
2&+%%> A&.3"0 G  !"#$"!2! .3%0

 !"#$"! %!&!'(#"!) *+,#-./+#. 012!&3.45 -.&!6,37 !8&09+:,3# ;.!2!

%#&#-#$#"36)

 !"#!$% )+(?#&#-#$#"3# "!&401390.!&!/  !"#$"!2! $3-10  !"#$">@ 4"!=

'#-./ 2&+%%> A&.3"0 G  !"#$"!2! .3%0  !"#$"! %!&!'(#"!) *+,#-./+#.

012!&3.45 -.&!6,37 !8&09+:,3# ;.!2! %#&#-#$#"36)

 !"#$% &'()* +,-.(*#/" !0$1'*2( 3+0+45 )*01('6457 !$8&0-!! ) 4*9$:

#$057 9'(//(7 &0-!!;

 !*0)$2 0(,8*'* 8(*#/" 0*3*4+* !0$1'*25 3+0+45 )*01('6457 !$8&0-!!

) /)$1$8457 !0$+,)*8*4+"7 &0-!! / $1<*8+4*4+*2;

 !"#!$% ),( ?+-.< G = A ∗U B5 2(# |A : U | ≥ 2 3 / B -+,#-./+#.

.0 !7 ;1#4#". b5 $.! UbU 6= Ub−1U ) B!2(0 C3&3"0 /-6 !7 -!8-./#""!7

/#&801<"!7 %!(2&+%%> 8#- !"#$"0)

 !"#!$% )-( D -/!8!(">@ %&!39/#(#"36@ - !8E#(3"#"3#4 A ∗U B5 2(#

|A : U | ≥ 25 |B : U | ≥ 35 C3&3"0 /-6 !7 -!8-./#""!7 /#&801<"!7 %!(2&+%%>

8#- !"#$"0)

=$9(,5)(*#/"> .#$ */'+ |A : U | ≤ 2 + |B : U | ≤ 2> #$ 3+0+4( )*01('6:

4$% !$8&0-!!5 ϕ(G) 1*/9$4*.4( #$&8( + #$'69$ #$&8(> 9$&8( 3+0+4( ϕ(U)

1*/9$4*.4(;

 $ )#$0$2 0(,8*'* 8(*#/" 0*3*4+* !0$1'*25 3+0+45 ) 4*9$#$0$2 9'(//*

&0-!! / 8)-2" !$0$?8(@A+2+ + $84+2 $!0*8*'"@A+2 /$$#4$3*4+*2;

B(//2(#0+)(*#/" 3+0+4( /$1/#)*44$% )*01('64$% !$8&0-!!5 ϕ(G) 8'"

&0-!! G =< a, b, t; t−1at = b, t−1bt = w(a, b) >> &8* w(a, b) C 4*!-/#$* /'$:

)$ ) /)$1$84$% !$'-&0-!!* << a, b >>; D$9(,5)(*#/"> .#$ */'+ w(a, b) =

av(a, b)a, a, a2
> #$ 3+0+4( ϕ(G) 1*/9$4*.4(;

B(//2$#0+2 &0-!!- G =< a, b, t; t−1at = b, t−1bt = av(a, b)bµ >, &8* v(a, b)

 !



 !"#$%&'" %(')' ) %)'*'+!', #'($-.$##" << a, b >>/

0'('123 b = caµ
/ 4'-+5 +5!!$6 -.$##$ 3'1!' .5%%35&.2)5&7 ) )2+"

G =< a, c, t; t−1at = caµ, t−1ct = w(a, caµ) >, -+" w(a, caµ) = a . . . caµ+i, i > 1/

0$%&7 logax '8!595"& %$33$ #':585&"(", #.2 a ) %(')" x/

 !"#!$% &'(  !"#$ G =< a, c, t; t−1at = caµ, t−1ct = w(a, caµ) >, %&'

w(a, caµ) = a . . . caµ+i, i > 1( ) *+,+-.#',$/+' ",+0+1 2",. "!3'"#0!'#

#45+' *6+"#+' 7.",+ p 0 648,+-'/.. logaw /4 *6+"#9' :/+-.#',.( 7#+

µ ≡ 1 (mod p)( #+ ;.6./4 "+<"#0'//+= 0'6<4,$/+= *+&%6!**9 ϕ(G) <'"5+>

/'7/41

 !"#!$% &)(  !"#$ G =< a, b, t; t−1at = b, t−1bt = abµ >1 ?+%&4 *6+.8>

0+,$/4@ "+<"#0'//4@ 0'6<4,$/4@ *+&%6!**4 .:''# <'"5+/'7/!A ;.6./!1

; &."&7"3 .58+"(" 28$95"&%< =2.2!5 )".*5(7!>? #'+-.$## ) HNN @ .5%@

=2."!2<?A -+" ?'&< *> '+!5 28 %)<8!>? #'+-.$## %')#5+5"& % *58')', -.$#@

#',A )2+5 G =< a1, a2, . . . , an; t−1a1t = ai+1, i = 1, n − 1, t−1ant = w(a1, . . . ,

an) >, -+" w(a1, . . . , an)  !"#$%&'" %(')' ) %)'*'+!', #'($-.$##" << a1, . . . ,

an >>/ 0':58>)5"&%<A 9&' "%(2 w = a1v(a1, a2, . . . , an)a1, a1, a2
1A &' =2.2!5

)%<:', %'*%&)"!!', )".*5(7!', #'+-.$##> ϕ(G) *"%:'!"9!5/

; 9"&)".&'3 .58+"(" '%!')!>3 ."8$(7&5&'3 <)(<"&%<

 !"#!$% &*( B %6!**4C D6#./4 " &0!:@ +<648!A3.:. 6';'/4 *6+<,':4

;.6./91

B':58>)5"&%<A 9&' ) +)$#'.'1+"!!', -.$##" C.&2!5 Gij % mij > 3A i 6= jA

=2.2!5 )%<:', %'*%&)"!!', )".*5(7!', #'+-.$##> *"%:'!"9!5/

 !"#$% !&$#'! (# $)*) +,--)'$!.,,

E#4#$. 0 -!6/4,4C( 6'5+:'/&+04//9C BDF GH

DEF B'*.>!2!5 G/ ;/ H )'#.'%$ ' =2.2!" ) %)'*'+!'3 #.'28)"+"!22 %

'*I"+2!"!2"3 JJ G8)"%&2< 4$(7%:'-' -'%$+5.%&)"!!'-' $!2)".%2&"&5/ K"./

L5&"35&2:5/ L"?5!2:5/ G!M'.35&2:5/  ENNN/  4/ OA PE/  K/ EEQ@EEO/  

RAES #/ (/

DTF U"8)".?!2, ;/ V/A B'*.>!2!5 G/ ;/ W !".58."=23'%&2 #.'*("3> %'@

#.<1"!!'%&2 #'+-.$## ) -.$##" :.5="!>? :'% R5 JJ L5&"35&29"%:2" 853"&@

 !



 !" # $%%%" # &" '() * $" # +" $(,--" # .)( /" 0" 1234567 !8 3 029 .): /"

0";

<=> ?5@6AB!B2 C" D" E F!6!BG 3 735@59BAH /65!I3G9GB!JH 7 5@KG9!BGB!GL

MM N24GL24!OG7 !G I2LG4 !" # -..." # &" 'P) *=" # +" =(=,=(%" # .):: /" 0"

<:> ?5@6AB!B2 C" D") QGI3G6HB!8 D" R" E F!6!BG 3 BG 54565L  0277G S6T//

7 93TLJ /565U92VW!L! ! 59B!L 5/6G9G0JVW!L 7554B5FGB!GL MM &6T9A

!B74!4T42 L24GL24! ! ! LGH2B! ! X6E YZR" # -..$" # &" [) *-" # +" %(,

$.-" # .)( /" 0" 1234567 !8 3 029 .): /" 0";

<(> QGI3G6HB!8 D" R") ?5@6AB!B2 C" D" E B56L20!I24562H BG 5456AH  027,

753 /59S6T// 3 S6T//2H  57 MM N24GL24!OG7 !G I2LG4 !" # -..=" # &" [:) *$"

# +" $%,=$" # .)P$ /" 0" 1234567 !8 3 029 .)'( /" 0";

<'> QGI3G6HB!8 D" R") ?5@6AB!B2 C" D" E@ \0GLGB42H  5BGOB5S5 /56J9 2

3 S6T//2H ]5 74G62 @50^F5S5 4!/2 MM CI3G74!J &T0^7 5S5 S57T926743GBB5S5

TB!3G67!4G42" +G6" N24GL24! 2" NGH2B! 2" CB_56L24! 2" # -..=" # &" %)

*$" # +" $=,--" # .)'= /" 0" 1234567 !8 3 029 .)( /" 0";

<[> QGI3G6HB!8 D" R") ?5@6AB!B2 C" D" YGFGB!G /65@0GLA 3H5U9GB!J

3 `! 0!OG7 TV /59S6T//T 3 S6T//2H ]5 74G62 @50^F5S5 4!/2 MM CI3G74!J

&T0^7 5S5 S57T926743GBB5S5 TB!3G67!4G42" +G6" N24GL24! 2" NGH2B! 2" CB,

_56L24! 2" # -..:" # &" $.) *$" # +" -=,=[" # .)%: /" 0" 1234567 !8 3 029

.)[( /" 0";

<P> QGI3G6HB!8 D" R") ?5@6AB!B2 C" D" YGFGB!G /65@0GLA 702@58 74G,

/GBB58 75/6JUGBB574! 7053 3 S6T//2H ]5 74G62 @50^F5S5 4!/2 MM CI3G74!J

&T0^7 5S5 S57T926743GBB5S5 TB!3G67!4G42" +G6" N24GL24! 2" NGH2B! 2" CB,

_56L24! 2" # -..:" # &" $.) *$" # +" =P,:'" # .)(' /" 0" 1234567 !8 3 029

.):( /" 0";

<%> QGI3G6HB!8 D" R") ?5@6AB!B2 C" D" YGFGB!G /65@0GLA 5@5@WGBB58

75/6JUGBB574! 7053 3 S6T//2H ]5 74G62 @50^F5S5 4!/2 MM ?!7 6G4B2J L24G,

L24! 2" # -..(" # &" $[) *=" # +" $-=,$:(" # $):: /" 0" 1234567 !8 3 029 $)$(

/" 0";

<$.> QGI3G6HB!8 D" R") ?5@6AB!B2 C" D" YGFGB!G /65@0GLA 74G/GBB58

75/6JUGBB574! 7053 3 S6T//2H ]5 74G62 \ 7462@50^F5S5 4!/2 MM ?!7 6G4B2J

L24GL24! 2" # -..P" # &" -.) *=" # +" $.$,$$." # .)'= /" 0" 1234567 !8 3 029

 !



 !" #$ %$&

'(() *+,-./0/1 2$ 3$ 4 5+67895:1; : <-=##1; >-50/1 ?@95-1,+%AB+<+

50#1 CC 2D:8950E F=%A9@+<+ <+9=71-95:8//+<+ =/0:8-905851$ G95895:8//.8

/1=@0$ H I  J$ H KL$ H M$ "N(($ H  !OO #$ %$

'(I) *+,-./0/1 2$ 3$ 4 /8@+5+-.; 701<-1PP1; <-=## Q+@958-1 ,+%AB+<+

50#1 CC 2D:8950E F=%A9@+<+ <+9=71-95:8//+<+ =/0:8-905851$ G95895:8//.8

/1=@0$ H I  J$ H KL$ H M$ (INIL$ H  !R" #$ %$

 !"!#$ $ !%&$'(

'(L) *+,-./0/1 2$ 3$ 4 /+-P1%0D15+-1; : <-=##1; >-50/1 @+/8S/+<+ 50N

#1 CC >%<+-05P0S89@08 #-+,%8P. 58+-00 <-=## 0 #+%=<-=##$ T86:=D+:9@0U

9,+-/0@ /1=S/.; 5-=7+:$ H F=%1! (JJ $ H M$ ("VN(VL$ H  !" #$ %$

'(O) *+,-./0/1 2$ 3$ 4 /+-P1%0D15+-1; : <-=##1; >-50/1 @+/8S/+N

<+ 50#1 CC W 3989+XD/1E @+/Y8-8/Z0E #+ P158P150S89@+U %+<0@8$ F8D09.

7+@%17+:$ H >%P1N>51! (JJ $ H M$ V($ H  ! V #$ %$

'(") *+,-./0/1 2$ 3$ 4 /+-P1%0D15+-1; #+7<-=## : <-=##8 @+9 B3 CC >%N

<+-05P0S89@08 #-+,%8P. 58+-00 <-=## 0 #+%=<-=##$ T86:=D+:9@0U 9,+-/0@

/1=S/.; 5-=7+:$ H F=%1! (JJ($ H M$ (L[N(OO$ H  !OO #$ %$

'(V) *+,-./0/1 2$ 3$ 4 9+#-E68//+950 #+7<-=## : <-=##1; @+9 CC F-85AE

T867=/1-+7/1E @+/Y8-8/Z0E #+ 1%<8,-8 #1PE50 T$ 2$ Q1-<1#+%+:1$ F8D09.

7+@%17+:$ H Q-19/+E-9@! (JJL$ H M$ ((($ H  ! V #$ %$

'(R) *+,-./0/1 2$ 3$ 4 /8-1D-8B0P+950 #-+,%8P. 9+#-E68//+950 #+7N

<-=## : <-=##8 @-1B8/.; @+9 Rn+1(n ≥ 5) CC >%<+-05P0S89@08 #-+,%8P.

58+-00 <-=## 0 #+%=<-=##$ T86:=D+:9@0U 9,+-/0@ /1=S/.; 5-=7+:$ H F=%1!

(JJO$ H M$ VINR $ H  !"V #$ %$

'([) *+,-./0/1 2$ 3$ 4 B0-0/8 :8-,1%A/.; #+7<-=## : /8@+5+-+P @%1998

<-=## CC \/0:8-91%A/1E 1%<8,-1 0 8] #-0%+68/0E$ F8D09. 7+@%17+: P867=N

/1-+7/+<+ 98P0/1-1 #+ 1%<8,-8 #1PE50 ^$ >$ M@+-/E@+:1$ H 3+%<+<-17! (JJJ$

H M$ I[$H  ! V #$ %$

'(J) *+,-./0/1 2$ 3$ _-+,%8P1 @+/8S/+U B0-0/. : +7/+P @%1998 <-=##

CC M,+-/0@ /1=S/.; -1,+5 #-+Y899+-9@+N#-8#+71:158%A9@+<+ 9+951:1! 19#0N

-1/5+: 0 95=78/5+: F`_\ 0P$ ^$ a$ F+%95+<+$ H (JJJ$ H M$ (JON(J"$ H  !(L

#$ %$

 !



 !"# $%&'%()*+, -. /.0 123(4*+*5 6. -. 7 8+(+*% ' 29*2: HNN ;(5<8+(%*++

== >?@2(+A:+B%<C+% D(23?%:4 A%2(++ @(EDD + D2?E@(EDD. F%G'E&2'<C+,

<32(*+C *5EB*4) A(E92'. H IE?50 !""J. H K. LM;NO. H "0LP D. ?. Q5'A2(<C+,

'C?59 "0RM D. ?.S

 !J# $%&'%()*+, -. /.0 123(4*+*5 6. -. T%8%*+% D(23?%:4 C2*%B*2,

8+(+*4 ' @(EDD5) >(A+*5 < 9'E:U 23(5&EVW+:+ == X%348%'<C+, <32(*+C.

H !""!. H I. P0 Y J QPS. H K. JJ;JL. H "0PO D. ?. Q5'A2(<C+, 'C?59 "0!M D. ?.S

 !!# $%&'%()*+, Z. [.0 123(4*+*5 6. -. T%8%*+% D(23?%:4 <2D(UG%**2<A+

<?2' ' @(EDD5) \2C<A%(5 32?]82@2 A+D5 == X%348%'<C+, <32(*+C. H IE?50

!""P. H I. R0 YJQ^S. H K. J";PP. H J0^ D. ?. Q5'A2(<C+, 'C?59 J0! D. ?.S

 !P# $%&'%()*+, -. /.0 123(4*+*5 6. -. 7 D(23?%:% C2(*U ' @(EDD5)

\2C<A%(5 32?]82@2 A+D5 == >?@%3(5 + A%2(+U B+<%?_ <2'(%:%**4% D(23?%:4

+ D(+?2G%*+U. I%&+<4 92C?592' ` F%G9E*5(29*2, C2*a%(%*b++. H IE?50

!""P. H K. RJ;R!. H "0JP D. ?. Q5'A2(<C+, 'C?59 "0J D. ?.S

 !R# $%&'%()*+, -. /.0 123(4*+*5 6. -. 7 D%(%<%B%*++ b+C?+B%<C+) D29;

@(EDD' @(EDD5) \2C<A%(5 cC<A(532?]82@2 A+D5 == I(E94 :%G9E*5(29*2,

*5EB*2;D(5CA+B%<C2, C2*a%(%*b++ de. f,?%( + (2<<+,<C2% :5A%:5A+B%<C2%

23(5&2'5*+%0 *5EC5 + CE?]AE(5d. H IE?50 !""N. H K. JL;!L. H "0LM D. ?. Q5';

A2(<C+, 'C?59 "0^R D. ?.S

 !^# 123(4*+*5 6. -. 7 D29@(EDD5) ' @(EDD5) \2C<A%(5 cC<A(532?]82@2

A+D5 == X%348%'<C+, <32(*+C. H !""O. H I. M0 Y J Q!^S. H K. M;J^. H "0RR

D. ?.

 !L# 123(4*+*5 6. -. 7 D(23?%:% <'23294 ' @(EDD5) \2C<A%(5 cC<A(5;

32?]82@2 A+D5 == gE*95:%*A5?]*5U + D(+C?59*5U :5A%:5A+C5. H !""O. H I.

JR0 YO. H K. J"J;JJL. H J D. ?.

 !N# 123(4*+*5 6. -. 7 A2G9%<A'5) ' @(EDD5) \2C<A%(5 cC<A(532?]82;

@2 A+D5 == F%G9E*5(29*5U 5?@%3(5+B%<C5U C2*a%(%*b+U0 D2<'UW%**5U J"";

?%A+V <2 9*U (2G9%*+U >. h. \E(285. I%&+<4 92C?592'. H F.0 !""O. H K. O^.

H "0"L D. ?.

 !O# 123(4*+*5 6. -. T%8%*+% D(23?%:4 8+(+*4 ' <'2329*4) D(2+&'%9%;

*+U) @(EDD < 23i%9+*%*+%: == gE*95:%*A5?]*5U + D(+C?59*5U :5A%:5A+C5.

H !""M. H I. J^0 YJ. H K. !P;P". H "0^ D. ?.

 !


